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It is shown that the values of Abelian L-functions of complex quadratic fields at 
s = f can be expressed as finite sums of values of a non-holomorphic modular form 
at certain special points in the Poincare upper half-plane. It is also shown that these 
values are related to a Petersson inner product. From this relation a criterion is 
derived for the vanishing at s = f of the Dedekind zeta function for the non-cyclic 
cubic extensions of the rational field. 
1. INTR~OUCTI~N 
The purpose of this paper is to study the properties of a distinguished non- 
holomorphic modular form which has appeared in the formulas used to 
verify that the Dedekind zeta function of a complex quadratic field has no 
zeros in the interval (0, 1). Such a function was introduced for the first time 
in the fundamental work of Maass [lo] and has been used, at least 
implicitly, in the work of Bateman and Grosswald 111, Low 191, Shanks 
( 15 1, and especially in Terras et al. [20]. Since the resulting formulas also 
serve to evaluate any abelian L-function of a complex quadratic field, it 
seems worthwhile to record in the literature once and for all the properties of 
the relevant modular form and its relation to the values of abelian L- 
functions at s = 4. 
Our main result (Theorem 2) is a formula for L(+,x) as a sum of values 
of a non-holomorphic modular form at special points, i.e., points in the upper 
half-plane associated with elliptic curves with complex multiplications. In 
this sense the resulting expression can be thought of as a generalization of 
the well-known Kronecker limit formula whereby the value of L( 1, x) is 
expressed in terms of the values of the Dedekind v-function at special points. 
A connection with Rankin’s L-functions is established and a criterion is 
derived for the vanishing at s = i of the Dedekind zeta function of a number 
field with Gal(L/Q) = S, in terms of a Petersson inner product. In order to 
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keep the size and level of the paper within reasonable bounds we have only 
considered the values of L(i, x) for x an abelian character of a complex 
quadratic field; that includes in particular Dedekind’s examples of zeta 
functions of cubic fields with negative discriminants. Our techniques also 
lead to similar formulas for L(f,x) when x is an abelian character of a class 
group of a complex quadratic extension of a totally real field, i.e., a 
character of finite order of the ideal class group of a CM field; this line of 
investigation will be pursued in future papers. 
The contents of the article are as follows. In Section 2 we review the basic 
theory of the non-holomorphic Eisenstein series, alias the Epstein zeta 
function, for the modular group. In Section 3.1 we give the first two coef- 
ficients in the Maclaurin expansion of E(s, z) about the point s = 0: 
E(s, z) =f&) s + O(s’), 
and recall some well-known properties of&(z), first proved by Maass 110 I. 
In Section 3.2 we give the relation between E(s, z) and the Epstein zeta 
function of a quadratic form. In Section 4 we develop some remarks 
concerning ideal class groups of complex quadratic fields which are useful 
for computational purposes. In Section 5 we define the abelian L-function 
associated with the characters of such ideal class groups; for these functions, 
which can also be thought of as Artin L-functions of two-dimensional 
dihedral representations, we evaluate L(i, x) in terms of f<(z). In Section 6 
we work out a variety of examples including those L (s, x) associated with 
cubic fields. In Section 7 we develop an interesting connection with the 
Rankin L-functions and give a criterion for the vanishing of L(s, x) at s = i 
in terms of the Petersson inner product. 
2. THE NON-HOLOMORPHIC EISENSTEIN SERIES 
FOR THE MODULAR GROUP 
Let r denote the modular group and H the upper half-plane. For 
z=x + iy in H and u = (F 5;) in r we put 
az + b 
u(z) = ------) 
cz + d 
Im a(z 
)= ,cz:d,2. 
Let fa, denote the subgroup of translations, i.e., the subgroup generated by 
(i ;). It is well known and easy to verify that a system of coset represen- 
tatives for T/T, is given by 
ABELI~ L-FUNCTIONS 271 
For z in H and s a complex number with Re(s) > 1, the non-holomorphic 
Eisenstein series for the modular group is defined by 
E(s, z) = x Im a(z)!’ + ‘)“, 
where the sum runs over a complete system of coset representatives for 
~l&c~ The particular normalization chosen for the exponent $(i + s) is 
dictated by the general theory of Eisenstein series (see, e.g., Harish-Chandra 
[S, VI]) whereby the imaginary axis of the complex variable s is the 
symmetry axis for the functional equation satisfied by E(s, z). 
As a function of the real variable x, E(s, x + iv) is periodic of period 1 
and has a well-known Fourier series (see Bateman-Grosswald [ 11, Chowla- 
Selberg [2], Kubota [7]) which we now recall in a form which is most 
suitable for our purposes: 
E(s, z) = y” ts)‘2 + A(s) 
/1(1 + s)Y 
(l-S)/2 
+T’ 2 ~ os(lnl> 
a A(1 +s) (nls’* 
. ~“‘K,,,(~Tc 1 nl y) e2zi”.‘, 
where the sum runs over all non-zero integers, a,(]n]) is the sum of the s- 
powers of the positive divisors of In], K, is the modified Bessel function 
defined by 
/i(s) = 7~-~“r(fs) c(s) is the completed Riemann zeta function with 
functional equation A(s) = II( 1 - s); the basic property of i(s) which we 
shall use is that it has a simple pole at s = 1 with residue 1; this we write in 
the form 
A(1 +s)-’ =s+O(s2) 
for small values of s, say 1s / < 1. 
The analytic continuation of E(s, z) to the left of the region Re(s) > 1 can 
easily be accomplished by using the above Fourier series and the analytic 
continuation of /i(s). In fact, abserving that the non-constant terms in the 
Fourier series are essentially invariant under the reflection s + --s and using 
/1(s) = A (1 - s) one obtains the functional equation 
E(s, z) = A(s) 




A fundamental discovery of Selberg is that the analytic continuation and 
functional equation for a wide class of Eisenstein series can be obtained 
directly without any appeal to the particular number theoretic properties of 
the coefficients. As a by-product he obtains not only proofs for the analytic 
continuation and functional equation of A(s) which are essentially different 
from the three well-known proofs of Riemann, but also a new proof of the 
fact that [(I + it) # 0 for all real t. (For details, see Kubota 171.) 
3. THE MACLAURIN EXPANSION OF E(s,z) ABOUT s=O 
3.1. The fact that E(s, z) is the Eisenstein series of the Lie group CL,(Q) 
which is of rank 1 gets reflected in the structure of the constant term 
I’+ r’i2 + A(S) 4’ A(1 + s)? 
(I-Sl/? 
(see Harish-Chandra [ 5, VII]). From this one deduces using /i(s) = /i (1 - s) 
and the simple pole at s = 1 of n(s) that E(s, z) has the values at s = 0, * 1 
given by the diagram 
s=-1 0 1 
o-0-0. 
E= 1 0 co 
The usual form for the first Kronecker limit formula gives the first two terms 
in the Laurent expansion of E(s, z) about s = 1. If one uses the functional 
equation for E(s, z), the same Kronecker limit formula can written more 
simply in an equivalent form as the first two terms in the Taylor expansion 
of E(s, z) about s = -1, namely, 
E(s, z) = 1 + {log ir”“~(z)l’}(s + 1) + G((s + 1)‘) 
where q(z) = q”24 n:=, (1 - q”), q = exp(2rciz), is the Dedekind ?,-function. 
We shall need the analogous expansion for E(s, z) about s = 0 given by the 
following well-known proposition (Maass I10 I): 
PROPOSITION 1. For s in a small neighbourhood of the origin we have 
E(s, z) =f,(z, s + O(s*), 
where 
f<(z) = y”* { log y + y - log 4nJ + \” 2a,(l n I) y”‘K,(27c / n j y) ezTin\- 
n 
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spans the one-dimensional space of non-holomorphic modular forms 
corresponding to the eigenvalue a of the non-Euclidean Laplace operator. 
Furthermore f&) is an eigenfunction of all the Hecke operators. 
Remark. f&z) is the Mellin transform of the Euler product 
i(s)’ = n (1 - 2p-” +p-2S)p’. 
P 
3.2. We shall also need the following relation between E(s, z) and the 
Epstein zeta function Z(s, Q): 
E(s, zo) = (d1’2/2)(1+s)‘2 . 
where Ti(s) = (2~)~” T(s), Q(n, n) = am2 + bmn + cn*, -d = 6’ - 4ac, and 
zg = (-b +\/-d)/2a. 
4. IDEAL CLASS GROUPS OF COMPLEX QUADRATIC FIELDS 
Let k = Q(d--d) b e a complex quadratic field with discriminant -d. Let 
R = R, be the ring of integers in k, W = W, the group of units in R, and 
h = h(-d) the class number of k. Let N be an integral ideal and denote by I,, 
the group of fractional ideals relatively prime to N and put 
where the congruence a = 1 mod ’ N is to be understood in the multiplicative 
sense, i.e., N divides the principal ideal (a - 1). P, is a subgroup of I,. 
When N = (1) we write I = I, and P = P,. The quotients C = Z/P and 
C,V = IN./P,V are, respectively, the absolute ideal class group of k and the class 
group of level N. From the obvious inclusions I, c I and P,V c P we obtain a 
surjective map 
whose kernel is clearly (I,v f? P)/PN. Let aI ,..., a, E R be a set of represen- 
tatives for (R/N)X; each ai generates a principal ideal (ai) E (I,n P). If 
/?, ,..., p, is another set of representatives for (R/N)X with pi = ai mod N for 
every i, then the principal ideal (Piai’) E P,. This is clear since the image 
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of (/?,) in (Z,+, n P)/P, is the same as the image of (ai) in the same quotient. 
Thus we have a well-defined surjective map 
q : (R/N) ’ + (1, n P)/P,v. 
Now (ai) E Py if and only if oia = 1 mod N for some unit E E W. Therefore 
the kernel of r,? is the quotient W/ W,v, where W, = (E E W / F = 1 mod N). 
From the two exact sequences 
1 --) (IN n P)lP,v + I,%/P,v 5 I/P -+ I, 
1 + W/W,+, + (R/N) ’ -+ (I,v f-’ P)/P,v + 1, 
we obtain 
1 + (R/N)’ +c,-c-t 1. 
If t is a generator of G = Gal(k/Q) corresponding to complex conjugation 
and if N’ = N, then the class group C, is a G-module. The case of interest to 
us is when N is generated by an integer which by abuse of notation we also 
denote by N. 
The class group C, = Ix/P,, which was first studied by Dedekind, is the 
ideal class group of the order 
R, = Z f NR. 
i.e., the order of conductor N consisting of all integers in R which are 
congruent to rational integers modulo N. It is easy to derive from the exact 
sequence written above that the order of C,V is given by 
where (-d/p) is the quadratic character of the extension k/Q, i.e., it is 
=O, 1, -1 depending on whether p divides d, p splits in k, p does not split in 
k; W(N)= [W: W,] (Stark [18, p. 3151). 
The group C,v can be computed effectively by using the classical theory of 
binary quadratic forms. In fact the Gauss composition group of binary 
quadratic forms is isomorphic to the absolute ideal class group C of k. Thus 
in order to obtain a representative system of integral ideals corresponding to 
the elements of C, it suffices to select a complete reduced primitive system 
S = {Q, ,..., Q,l 
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consisting of forms Q(m, n) = urn’ + bnm + cn2 whose coefficients satisfy 
-a<b<a, c > a, with b > 0 if c = a, 
and a, b, c have no divisor in common > 1. To each form Q E S we associate 
the integral ideal in R with basis 
A, = (a, (-b + (-d)1’2)/2}. 
Thus to each element in C there is associated a special point 
.zQ = (-b + (-d)“2)/2U 
in the fundamental domain for the unimodular group. 
The structure of the class group C, can be obtained from that of the 
absolute class group C and the arithmetic properties of the level N. In his 
paper on pure cubic fields [3] Dedekind made an extensive study of the class 
groups C, for the Eisenstein field k = Q((-3)“2) using the law of cubic 
reciprocity. The case of an arbitrary complex quadratic field is treated in the 
very lucid paper of Stark [ 181. 
If 1 is a prime, then the special points corresponding to C, have a simple 
description. With each ideal class in C we associate an integral ideal 
A = (a, /I} with a and /I selected so that the special point zA = a/P lies in the 
upper half-plane. Now if 1 does not split in the field k = G((-d)“2), then 
each ideal class in C breaks up into 1+ 1 ideal classes in C,. For example to 
the ideal A correspond the ideal A o. = {a, l/3} with special point l~,~ and for 
each i, with 0 < i < I- 1, Ai = {la, ia + /I} with special points (z, t i)/l. As 
z,,~ runs over all special points of the ideal classes of C. the set 
V&.4 1 = lz.4 3 vi(z.4) = (zA + W O<i<l-1, 
runs over the special points associated with the elements in C,. 
5. ABELIAN L-FUNCTIONS FOR COMPLEX QUADRATIC FIELDS 
We are concerned here with Artin L-functions L(s, p) of two-dimensional 
dihedral representations, i.e., representations p : Gal(L/Q) + GL,(@) induced 
from one-dimensional abelian characters x : C,+ G ’ of conductor N on 
some class group C, of a complex quadratic field k = Q((-d)“‘). Such an 
L-function can be written in the form L(s, p) = (dN’)“’ (271))’ T(S) C;(S, p) 
with 
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where c runs over all the ideal classes mod N in the class group C, and 
where 
[“(s, c) = 1’ NA --s @e(s) > I>, 
.4 
with the sum taken over all integral ideals A in the class c. In this expression 
we have used that x(c) =x(A) for all ideals A in the class c because x is a 
ring class character mod N. Now let B = (a,/?) be an integral ideal in the 
inverse class c-r. Since A . B = (y) with some y = ax + j3y in B, we have that 
as x and ~1 vary so that N(B-‘) N(ux t /Iy) takes values prime to the 
modulus N, N(A) varies over the norms of ideals in c relatively prime to N. 
Furthermore, each norm N(A) appears W(N) = [ W, : W,] times. Hence we 
can write 
[“(s, c) = W(N) - ’ \‘ ’ N(B)” N(ax + /$I~) -‘. 
x, Y 
where the summation is taken over all pairs of integers (x,~) different from 
(0,O) for which the value of the quadratic form 
Q(x, y) = N(B - ’ ) N(ax t Py) 
= ax* t bxy t cy* 
is relatively prime to N. 
For a primitive character x of conductor N, it is known (Dedekind 13, 
Sect. 10, p. 851 and Meyer [ 11, p. 251) that 
4-h P) = y x(c) as, cl. 
where 
[(s, c) = W(N)-’ N(B)-” x’ N(y)-” 
YEB 
FR\ 
Therefore we have 
(Re(s) > 1). 
[(s, c) = W(N) - ’ x ’ x.g Qb Y)-“3 
where x, y run over all pairs (x,-v) E L* different from (0.0). Hence 
i(s, c) = W(N) ’ Z(s, Q>. 
If x is not a primitive character, then there is a method due to Landau 181 
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for representing t;(s,x) as a linear combination of Epstein zeta functions of 
quadratic forms of discriminant -dN’* with N’ a divisor of N. 
Using the results of Section 3.2 and observing now that the quadratic form 
Q(m, n) = am2 + bmn + en* has discriminant -df 2, we can write the zeta 
function c(s, p) in the form 
i(s, x> = W(N) - ’ x x(c) -% Q,), 
where c runs over the ideal classes in C, and Q, is a form associated with an 
ideal B in the inverse class c-l. The results of this section together with 
those of Section 3.2 now give the following theorem. 
THEOREM 2. Let x be a primitive character of the ideal class group C,V 
with associated Artin L-function L(s, x) = (dN2)“’ (2n))” T(s) [(s, x). We 
then have 
where the sum runs over all ideal classes in C,, and for each c, z, is a 
special point corresponding to an ideal in the inverse class cP ‘; 
W(N)= [W: WN1. 
Since A( 1 + s)-’ = s + O(s2) as s + 0, taking the derivative at s = 0 in the 
expression in the theorem above and using the results of Proposition 1 we 
obtain the following corollary. 
COROLLARY. With the same notation as in Theorem 4 we have 
L(& x) = w(N)-’ ~x(c)f&h 
where f,(z) is the distinguished real analvtic automorphic form associated 
with the Euler product c(s)‘. 
Remark. The expression in the corollary above is very reminiscent of the 
type of formulas that arise in the theory of complex multiplications. 
However, unlike the situation there, it deals with the real analytic 
automorphic form fs(z) whose algebraicity properties at special points are 




for M a matrix of determinant n and z a special point, then the only coef- 
ficient in the class equation 
for which one can say something nontrivial is a,+ 1 = -dn aO(n) which turns 
out to be the eigenvalue of the Hecke operator T, 0 fi = o,(n)f,. The 
difficulty in obtaining further information lies of course in the lack of a 
function playing the same role of thej-invariant as in the holomorphic case. 
6. EXAMPLES 
It is well known that class field theory gives a complete characterization 
of all Artin L-functions which are representable as linear combinations of 
Epstein zeta functions 116, p. 66; 6, p. 572; 13, Prop. 3.5). These correspond 
to representations p : Gal(K/Q) --$ GL,(C) with K a normal extension of Q 
containing a complex quadratic field k with A = Gal(K/k) abelian, i.e., 
Gal(K/Q) contains a subgroup A of index 2 whose fixed field is a complex 
quadratic field and there is an element u @ A such that (TUO~ i = a -’ for all 
a E A. The fields K that arise are of complex multiplication type: as such 
they are obtained by adjoining to a complex quadratic field the values of the 
j-invariant at special points and the n-division points of elliptic curves with 
complex multiplication. The splitting fields of irreducible polynomials in 
.L Ix] of degree 3 with negative discriminants provide examples of such fields. 
The case x3 - k was studied extensively by Dedekind (3 1. Using class field 
theory Hasse was able to study the splitting field of an arbitrary polynomial 
in Z 1x1 of degree 3 with non-square discriminant. A special case of Hasse’s 
main result is the following proposition 
PROPOSITION 3 (Hasse 161). The negative integer D = -dN2 is the 
discriminant of a non-cyclic extension of (GD of degree 3 if and only if the 
class group C, of the complex quadratic $eld k = (Q((-d)‘l’) admits a 
subgroup H of index 3 with coset decomposition C, = H V Ha V Ha- ’ such 
that under complex conjugation H remains invariant and o goes to o- ‘. 
Let A = C,/H and consider the abelian character x : A + C ’ given by 
X(H) = 1 and x(Hu * ‘) = p * ‘, where p = e2Ri’3. Let M be the class field with 
Gal(M/k) = C, and let L be the fixed field of H, so that 
G = Gal(L/Q) N S,, the symmetric group on three letters. The abelian L- 
function L(s, x) over k = Q((-d)“‘) associated with x is the Artin L-function 
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L(s, p) over Q corresponding to the induced representation p : G -+ GL,(G), 
i.e., p = Ind:h); furthermore /i(s) L(s, p) is the Dedekind zeta function of 
the cubic field contained in L. From Theorem 3 we obtain 
where c runs over the elements in H and u corresponds to complex 
conjugation. Since p + p2 = -1 and E(s, z,,) = E(s, z,,~,), we obtain from 
the corollary to Theorem 2 the following result. 
THEOREM 4. Let A(s) L(s,p) be the Dedekind zeta function of a cubic 
field of discriminant -dN2 and let C,=HVHoVHo-’ be the 
corresponding decomposition of the ideal class group C,V of k = Q((--d)li2) of 
level N. We then have 
where c runs over the ideal classes in H. 
Numerical Example. The cubic equation X’ - 5x + 5 = 0 has 
discriminant -7(5)2 and its splitting extension K contains the complex 
quadratic number field k = Q((-7)“‘) which is of class number 1. The 
prime 5 does not split in k. A basis for the ring of integers of k is 
A=(l,-L!}, i2 = (7 . 5 + (-7)“I)/2. 
A set of representative ideal classes for the six elements in C, are 
The 
A, = (1, -5Q}, A, = (5, -a\. 
A *, = (5, fl -Q), AkZ = (5, +2 -0). 
multiplication table for C, is readily seen to be 
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(Each entry in the table indicates one of the representative ideals Ai in C, .) 
The element A,, is of order 2, A,, has order 3, and A,, has order 6. Under 
complex conjugation A; = A-i. In particular the subgroup H = (A,, A,} has 
index 3 in C, and is invariant under conjugation. The class field 
corresponding to H is the splitting field of the cubic equation 
x3 - 5x + 5 = 0. We have the coset decomposition C, = H U HA, U HA ~, , 
where HA, = {A,,A,} and HA-, = (A-,,A_,}. The special points 
corresponding to the ideals in H (resp. HA,) are z,, = 5n, z,, = fin/5 (resp. 
z, = (Q + 1)/5. z2 = (0 + 2)/5), where J2 = (7 . 5 + (-7)“2)/2. For the 
Artin L-function L(s, p) of the representation p : Gal(L/Q) + CL,(Q), where 
L is the splitting lield over (02 of x3 - 5x + 5 = 0, we have 
a. 0) =f,(s.n) +f,(.ni5) -f,w + 1~15) -fsw + 2)/5 1. 
A second numerical example results from the Hilbert class field L of 
k = 101((-23)“~), which is the splitting field of the equation s3 -x - 1 = 0 
with discriminant D = -23. The absolute class group C of k is of order 3 
and the forms of discriminant -23 are Q = x2 + XJJ + 6j’*, Q, = 2x2 k 
,XY + 3~1~. The corresponding special points are 
- I + (-23)“’ 
z=2 * 
z, = f I + (-23y 
4 ( 
For the Artin L-function associated with the representation p : Gal(L/Q) -+ 
CL:,(C), we have 
L(b) =f@) -f,W). 
Remarks 1. There is a well-known integral representation for abelian L- 
functions L(s,x) of real quadratic fields; it takes the form 
where A = (l,p} is an ideal in the inverse class cc’ with an oriented basis, 
i.e.. p > p’, and z, = @u - p’i)/(u - i), E is a suitable fundamental unit. For a 
proof of this formula and other relevant information we refer the reader to 
the excellent expositions by Siegel ] 171 and Zagier 1211 of Kronecker’s limit 
formula. Here we only remark that by taking the derivative at s = 0 of both 
sides we obtain 
L ($, =l:x(x)j’oBE 
c -log& 
“f&c) +. 
The study of the arithmetic properties of this integral representation will be 
pursued in future papers. 
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7. RELATION WITH RANKIN'S L-FUNCTIONS 
Let f(z) and h(z) be two cusp forms which are eigenfunctions of the 
Hecke operators for the modular group r with weight k. The Rankin L- 
function off(z) and h(z) is defined by [ 12, p. 1501 
where 
r(s, nf x nh) = G,(s) G,,(s + 1) G& + k - 1) G,(s + k), 
G,(s) = T-c~‘*T(+s), 
H,(T)= (1 -&&T)(l -n,ii,T)(l -;i,r],T)(l -siqJ) 
and 
T, cQ-=~‘~+ 1)‘2(Izp + &)f, T, 0 h =JI-)‘~(~, + ii,) h. 
If F denotes a fundamental domain for r and dQ = y-* dx dy is the r- 
invariant measure in the upper half-plane, then Rankin’s integral represen- 






A( 1 + s) = j/‘*f(z) yk’2h(-F) E(s, z) df2. 
Taking the derivative at s = 0 and using /i(l + s))’ = s + O(s’), E(s, z) = 
f{(z) s + O(s2), we obtain 
L($, q x nh) = j ~~~‘~f(z) yk”h(-r)&(z) dL’. 
I; 
We can think offs(z) as an automorphic form of “weight” 0 and hence the 
value L(i,nfx ?rh) is essentially a Petersson inner product. Let G = SL,(IR) 
and define functions 4f and #h on G by putting for g = (y 5;) 
f&(g) =yk’2f(z) ecikO, 
where g(i) = z, y = Im g(i), 8 = arg(ci + d), with a similar definition for #,, . 
These functions belong to the space L*(I’/G), consisting of complex-valued 
functions satisfying (4, p. 261 
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1 ~0~ e ’ 
(c) 4, is bounded and cuspidal, 
(d) dQ,= -k/2(k/2 - 1) 4r, d = -~?(ii*/ax-~ + a2/a$) -~@/i)~ as). 
The Selberg-Roelke spectral decomposition for the space L2(T\G)k (Kubota 
[ 7, Chap. VII]) applied to the function (6,. f3 gives the representation 
(s = 4 + ir), where F,(g) is an orthogonal system for the discrete part of the 
spectrum of L2(fiG)k. Thus we have the following result. 
e value of the Rankin L-function at s = + is a 
(ii) L(i, TC,.X 71~) = 0 if and only if oh is orthogonal to o, . fC, i.e., the 
spectral decomposition of the real analytic automorphic form rjt.. fs does not 
contain the discrete component I$,,. 
To obtain the analog of the theorem above in the arithmetic case one must 
consider automorphic forms on the Hecke group T&V). To explain our ideas 
we use a highly suggestive example which appears in Stark j 19, p. 88 ] in a 
different connection. Recall that the Dedekind zeta function ii,(s) of a cubic 
field with negative discriminant D, = -dN2 has the product decomposition 
/i,(s) = A(s) L(s, P). 
where /i(s) is the Riemann zeta function with its gamma factor and L(s, p) = 
(271)’ T(s) c(s, p) is the Artin L-function associated with the representation 
p : S, + GL,(C ). 
In this section we shall use the following well-known result: 
THEOREM 6 (Weil-Langlands). Let p : Gal(@Q) + GL,(C.) be an irre- 
ducible monomial representation with conductor N and E = det p. Suppose the 
Artin L-function of p is given bq 
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L(hP)= (2~)-“m) n l n 1 -x(o )p-t+E(lr )jj’” 
PIN ’ - a(p>p-” PI/N P P 
= (27rPS T(s) F u(n) rips. 
El 
Then the function 
f(z)= 5 a(n)q”, q = exp 2Ziz, 
n:l 
is a normalized new form on T,(N) of weight 1 and character E. 
Theorem 6 applies in particular to the Artin L-function L(s,p) associated 
with the representation p : Gal(L/Q) --$ GL,(G), where L is the splitting field 
of an irreducible cubic polynomial in Z [xl with negative discriminant 
D = -dN*; the associated cusp formf(z) satisfies 
f(S) = &(@(YZ + 4f(z) 
for all (y i) E T,(N) and E(B) = (-d/6). 
We show first how to apply Rankin’s method to two cusp forms 
f(z)= f 
I%, 
0) 8, h(z)= \‘ b(n)q” 
n=1 “=I 
of weight k and central character E. A simple integration shows that, with 
s’=(s+ 1)/2+k- 1, 
(47r) -s’ I-@‘) 2 a(n) b(n) KS’ = J yk'*f (z)yk’2h(-~)y1’(‘+s”2 d.0. 
n=, IX < l/2 
Up to a set of plane area 0 we have a disjoint union 
where D,(N) denotes a fundamental domain for r,(N) and u runs over a 
complete system of coset representatives for r,(N)/&; substituting this into 
the integral and using the transformation properties off(z), h(z), and do we 
obtain for Re(s) sufficiently large 
(47r)” r(s’) $ a(n) b(n) n+’ 
n=, 
= E(s, z. r,,(N)) yk’2 f (z) yk’2h(-f) d.0, 
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E(s, z, T,(N)) = s Im a(~)“+~“* (0 E cowl,) 
L7 
is the non-holomorphic Eistenstein series for r,(N) corresponding to the cusp 
at co. It is possible to show, using the knowledge we already have about 
E(s, z), that the Fourier series of E(s, z, r,(N)) about the cusp at infinity has 
the form [12, p. 1361 
E(s, 2. T,(N) =y(‘+s”2 + c(s)y” -s”2 + 1 c,(s)y’12~,,2(2n Iniv) e21rinr, 
where 
A(s) c(s) = ~ cp,W) 
A(1 + s) v),+s(N) ’ 
q,(N) = Na 11 (1 -P-“). 
P I \’ 
with a similar expression for c,(s). The analytic continuation of 
E(s, z, T,(N)), which results from that of the constant term c(s), implies the 
analytic continuation of the integral above. The Maclaurin expansion of 
E(s, z, T,(N)) about s = 0 is 
E(s, z, I-,(N)) =f’ (z) s + O(s*), 
wheref*(z) is a real analytic automorphic form for T,(N), i.e., 
f*(az) =f”(z) for all 0 E T,(N) 
and 
Df”(z) = g*(z) (D = Laplacian). 
On the group G = SL,(lR) we define functions #,., I$~, and d* by putting for 
g = c 5;) 
where g(i) = z, y = Im g(i), 19 = arg(ci + d) with similar definitions for @,, and 
4*(g) =f*(z). Normalizing the Haar measure dg on G/To(N) so that the 
Petersson inner product of two functions on L*(G/T,,(N)) is given by 
Gff 4,) = /c,r ,v) @fig) h( 8) & 
’ “’ 
=.j 




(477-S’ T(d) (*(s’, 7+x 7rh) 
=: (471)~s’ z-(d) 2 a(n) b(n) n-“’ 
?I=1 
=! 
(f”(z) s + O(s2) yk’2f(z) yk’2h(-F) df2 
Do(N) 
= (4* * q&3 4,) . s + O(s2). (1) 
To simplify this formula further we consider the case of a cusp form f(z) = 
h(z) associated with an Artin L-function L(s, p) as in Theorem 6. 
We now use the fact that the representation p : S, + GL,(C) satisfies 
x, . Is, =x, + VI + v23 
where x,, is the character of p, w, is the trivial character, and v2 = det p. In 
particular we have 
WZ - p 0 P(O) T> = (1 - v,(a) T)(l - v2k) T> det(Z - p(u) 7% 
for this and related results for dihedral representations see Serre [ 14, Chap. 
Sect. 5.31. 
Starting with the Dirichlet series that defines the Artin L-function L(s, p) 
= !,1 1 - a(&Y !,! 1 - a(p)$+ V*(p)p+ 
= E. 1 -am-’ g, det(Z-pl(o )p-“) ’ 
P 
we obtain from the formal identity, with T =pPs, 
= (1 - v,(o,) TN1 - ~~(a,) 79 dW - P(u,> r) ’ 
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that 
= !,I 1 -u;)QP 
x I1 
1 
P,N (1 - v~(~,)P-V~ - v2(~&-“> det(~-dqWS) 
= i(s, VI + w2) &-%P) c,, 
where 
c,= rI (1 - vl(~,)P-sKl - v,@,W")(l -4P)F7 
PIN (1 - 4P)‘P) 
Now, using 
((2s) = 1,(2S) 1~1 (1 -P-‘T’ 
PIN 
and substituting s + S’ = (S + 1)/2, we obtain 
~*(s',7cfx 7cf> = 
Q', WI + w2> i(S'3P) c 11 l 
i(l + s> 
s' 
PIN l --p-('+s' . 
The first term in the Maclaurin expansion of the above function is easily 
calculated by using c( 1 + s)- ’ = s + O(s’). Thus we have 
By substituting (II) into the left-hand side of (I) and comparing the coef- 
ficients of s we obtain the identity 
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where 
cT i i 
(1 - w*(~p)P-“‘N - 4PW”‘) 
l = g (1 -a(p)‘p-l/2)(1 tp-1q . 
By adding the appropriate gamma factors we can restate this result as 
follows. 
THEOREM 7. Let K/Q be a Galois extension with Gal(K/Q) = S,. Let 
p : S, + GL,(C) be a representation of conductor N and E = det p. Suppose e 
corresponds to a complex quadratic field k. Let L(s, p) be the Artin L- 
function of p and Ak(s) the Dedekind zeta function of k. Let f,(z) = 
CF=, a(n) q” be the associated cusp form of type (1, T,,(N), E}. Let f*(z) be 
the derivative at s = 0 of the non-holomorphic Eisenstein series 
E(s, z, T,(N)). Then we have 
where 
c + = !,! (1 tp-l/2)(1 -u(p)2pP”2) ’ ( 1 
(1 - &(p)p-I”)(1 - a(p)pP1’*) 
In particular the Dedekind zeta function of the field K vanishes at s = $ if 
and only tf the spectral decomposition of the function f*(z) f,(z) in 
L2(~L2WCiWN d oes not contain the discrete component f,(z). 
Remarks. 1. As is proved in our monograph [ 12, Sect. 21. The Rankin 
method is valid for real analytic automorphic forms and hence the 
assumption that the character E corresponds to a complex quadratic field is 
not necessary. 
2. According to Proposition 3, a given quadratic field k can be the 
fixed field of ker(e) for infinitely many distinct fields K. Hence if we know 
that the corresponding Dedekind zeta function /Ik(s) does not vanish at 
s = f , then the theorem above gives a criterion for the vanishing of L(i, p). 
This applies to Dedekind’s examples [3] of splitting fields of cubic equations 
x3 - CI = 0, where k = Q((-3)“‘) and /I,Ji) # 0. 
3. A criterion similar to that of Theorem 7 also holds for the 
Dedekind zeta function of a number field extension L/Q with Gal(L/Q) = H, 
the quaternion group of order 8. This is of interest in connection with the 
examples of Frohlich and Serre of Dedekind zeta functions with a zero at 
s = 4. We will publish this result in a subsequent paper. 
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